This paper presents a minimal, invariant, coordinate-free description of rigid body motion trajectories. Based on a motion model for the instantaneous screw axis, a time-based coordinate-free description consisting of six scalar functions of time is defined. Analytical formulas are presented to obtain these functions from the pose or twist coordinates of a motion trajectory. The time-based functions are then stripped from their temporal information yielding five independent geometric functions together with a scalar motion profile. The geometric functions are shown to be invariant with respect to time scale, linear and angular scale, motion profile, reference frame, and reference point on the rigid body used to express the translational components of the motion. An algorithm is given to reconstruct a coordinate representation of a motion trajectory from its coordinate-free description. A numerical example illustrates the validity of the approach.
Twist of frame {a} with respect to frame {c}, with t = (ω T v T ) T ; b represents the reference point to express the translational velocity v, and {d} represents the frame in which the coordinates of ω and v are expressed. For convenience, reference point b may formally be replaced by a frame;
in that case the reference point to express the translational velocity corresponds to the origin of that frame. When obvious from the context, the subscripts and superscripts are omitted. When b corresponds to the origin of {d}, t is known as a screw twist.
i f S Screw transformation matrix which transforms a screw twist from an initial reference frame {i} to another reference frame {f }, with:
a c R Rotation transformation matrix from {a} to {c}. vector from the origin of {c} to the origin of {a}, expressed in {c}.
[p] skew-symmetric matrix which corresponds to the vector product with vector p:
1 Introduction
In robotics, especially cognitive robotics, there is a need to represent human or robot motion in a way that facilitates recognition, classification, and characterization of an executed motion, as well as model based generation of a motion that is adapted to a specific task and task environment. Examples include recognizing human motions or gestures [1, 2, 3] , recognizing robot motions (for example in robot competitions), estimating human motion intention during collaborative human-robot manipulation [4] , extracting a robot trajectory model from multiple human demonstrations [5, 6] , making a robot move in a human-like way, building a library of task primitives. At present no representation which facilitates these tasks exists, even for the 3D-motion of a single rigid body involving simultaneous translation and rotation, such as a manipulated object or a part of a human body. In contrast, for pure translations, which can be characterized by space curves traced by a reference point attached to the rigid body, a well-known coordinate-free description that could serve these purposes does exist. The question addressed in this paper is: how do these well-known results for space curves generalize to a rigid body motion that involves both translation and rotation?
In particular, a space curve represented by its parameterized coordinates r(x(t), y(t), z(t)) with 0 ≤ t ≤ t f is completely characterized by three invariant scalars: arc length s(t), curvature κ(t), and torsion τ (t). In many applications parameter t corresponds to time. In this case s(t), κ(t) and τ (t) constitute a unique differential time-based description 1 of the space curve that contains both the geometric and temporal information necessary to produce a motion trajectory as a function of time that corresponds to r(t), up to a Euclidean transformation defined by a given starting point r(0) and initial orientation of the Frenet frame [7] .
In some applications only the geometric information is relevant and then the coordinate-free description is stripped from its temporal information by inverting the relation s(t) and substituting parameter t by the arc length. This procedure yields two geometric invariants κ(s) and τ (s). Furthermore, to obtain a description that is independent of the linear scale, arc length could be scaled to 1 by dividing it by total arc length s(t f ), while κ(s) and τ (s) are multiplied by s(t f ). This yields two dimensionless geometric invariantsκ(s)
andτ (s), where the bar denotes a dimensionless quantity. To produce a motion trajectory in this case, we need to provide a time scale t f , a linear scale s(t f ) and a time functions(t) with 0 ≤s,t ≤ 1, in addition to the starting point and initial orientation of the Frenet frame.
This paper generalizes the coordinate-free differential description of space curves to full 3D rigid body motion. The description consists of six time-based invariants. Two of the invariants correspond to rotational velocity about and translational velocity along the instantaneous screw axis (ISA); the other four invariants correspond to rotational and translational velocities which model the spatial motion of the ISA. The six invariants suffice to produce a rigid body motion trajectory as a function of time that is unique up to two Euclidean transformations defined by the initial pose of the rigid body and the initial pose of a frame attached to the ISA. The six time-based invariants can be stripped from the temporal information yielding five independent geometric invariants. Given a coordinate description of a rigid body motion, the paper presents (i) analytic formulas to compute the invariants at each time instant, and (ii) a numerical algorithm to reconstruct the motion trajectory from its invariant description.
Previous Work
Motion trajectory based motion description has extensively been studied in recent research. Wu and Li [8] provide a recent overview. However, almost all references, including [8] itself, focus on the description of curves, not full 3D rigid body motion involving simultaneous translation and rotation, for which previous work by kinematicians provides a solid background.
From the work of Chasles [9] , it is known that any motion is characterized instantaneously to the first order by the instantaneous screw axis. In fact, Ceccarelli [10] showed that Mozzi [11] defined the screw axis already in 1763. Skreiner [12] studied the higher order properties of motion based on the local properties of the axodes, the ruled surfaces generated by the ISA, one in the fixed member and one in the moving member, and of the line of striction, the space curved traced by the central point. Veldkamp [13] studied the acceleration distribution in spatial motion using the angular acceleration axes. In the discussion of this paper Skreiner [14] models the rate of change of the ISA by means of a screw motion, and considers several special cases. Bokelberg et al. [15] introduce the concept of differential screw to model the difference between two successive instantaneous screws. Hence, [14] and [15] model the spatial motion of the ISA up to the first order.
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A method for locating instantaneous screw axes and determining their properties has been developed by Phillips and Hunt [16] . Other authors have developed efficient algorithms to compute rigid body velocity and/or acceleration descriptors based on position, velocity, and acceleration data for individual points of the moving body [17, 18, 19, 20, 21] . Fenton and Willgoss [22] compare five methods for determining the screw parameters of infinitesimal rigid body motion from position and velocity data of individual points.
Veldkamp [23] and Bottema and Roth [24] define invariant numbers that locally characterize the trajectory of any point attached to a moving rigid body up to an arbitrary order. Modeling the time-based (kinematic) properties of these point trajectories up to first order requires two time-based invariants, the second order requires four additional invariants, and third and higher orders each require six additional invariants. Modeling only the intrinsic geometric properties of the point trajectories requires one, three and five geometric invariants for first, second and third and higher orders, respectively. The time-based invariants are derived from the trajectories of individual points attached to the rigid body. Furthermore, Roth [25] shows how to find the geometric invariants from the time-based invariants. There are two major differences with the approach presented in this paper. First, Bottema and Roth [24] concentrate on instantaneous time-based and geometric invariants that characterize the local description of point trajectories, whereas this paper focuses on an invariant description of a complete trajectory executed by a rigid body. In particular, it is shown how to generate or reproduce a complete rigid body motion trajectory from a set of invariant functions of time or another parameter. Second, the sets of invariant numbers proposed by Bottema and
Roth do not provide a complete and minimal description of the motion trajectory. This is understood as follows. Consider the local description up to second order. The time-based based description consists of six invariants numbers. Suppose these numbers are known along the trajectory, for example as a function of time. One of the second order invariants (ǫ z ) is the derivative of a first order invariant (ω), hence it does not contain independent information. And hence, with six numbers, this second order description can never be complete, while any higher order description will be non-minimal. On the other hand, the geometric description up to second order is based on four invariant numbers. Since at least five invariants are needed, the second order description is not complete, while higher order descriptions are again non-minimal.
Other authors [26, 27, 28, 29, 30] have further investigated the relationship between instantaneous inDe Schutter Accepted in ASME Journal of Mechanisms and Robotics, JMR-08-1228variants and the local properties of point and line trajectories for planar, spherical or spatial motion. The main interest of these papers was to study the properties of mechanisms in view of mechanism design, and not to find a minimal and complete invariant description of a rigid body motion trajectory, as is the focus in this paper.
The approach in this paper is based on a model for the spatial motion of the ISA and is inspired by the Denavit-Hartenberg convention [31] to model the geometric relation between successive joints in a mechanism.
Paper overview
This paper is structured as follows. Section 2 defines time-based invariants, provides analytic formulas to derive them from the motion data, and shows how to reconstruct the motion trajectory from the time-based invariants. Section 3 analyzes the properties of the time-based invariants and derives geometric invariants from the time-based invariants. Section 4 presents a numerical example. Finally, Section 5 states the conclusions and discusses future work.
2 Time-Based Invariants
Definition
Any motion is characterized instantaneously to the first order by the instantaneous screw axis [9, 11] . The rotational velocity about and translational velocity along the ISA are denoted by two scalars, ω 1 and v 1 , respectively. The first two invariants of the rigid body motion correspond to ω 1 and v 1 , which are in general functions of time:
Four other invariants model the spatial motion of the ISA. Figure 1 shows the ISA at three consecutive time instants t − ∆t, t and t + ∆t. Assign a frame to each ISA as follows: the x-axis lies along the ISA, while the y-axis lies along the common normal between the ISA at the current instant and the ISA at the next instant. The orientation of both axes is chosen such that there is no discontinuity in their orientation between subsequent time instants. The origin o of the ISA frame is known as the central point [12, 13] or
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The motion of the ISA between two consecutive time instants t − ∆t and t consists of a rotation about y(t − ∆t) over an angle ∆θ 2 (t) and a translation along y(t − ∆t) over a distance ∆d 2 (t). The motion of the frame attached to the ISA between two consecutive time instants t − ∆t and t consists of two additional components: a rotation about x(t) over an angle ∆θ 3 (t) and a translation along x(t) over a distance ∆d 3 (t).
Hence, the instantaneous motion of the ISA and the frame attached to it is completely described by defining four velocities:
While ω 2 and v 2 model the first-order kinematics of the ISA, the y-axis is known as the second-order instantaneous screw axis [32] . On the other hand, ω 3 and v 3 model (part of) the second-order kinematics
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Closed-form Formulas
This subsection shows how to calculate the invariants i l (t), with l = 1, . . . , 6, from the twist of the rigid body, given as ref This subsection assumes the general case where ||ω ×ω|| = 0, that is, the case where the rigid body has a nonzero rotational velocity and the ISA has a nonconstant orientation.
Since the rotational velocity of a rigid body is uniquely defined, we have:
where the sign of ω 1 depends on the orientation of the ISA. The unit vector along the ISA is given by:
Hence, the signed value for ω 1 follows from
where, as explained in Section 2.1, the sign of e x is chosen such that e x (t) is a continuous function of time.
Projecting the velocity of any point attached to the rigid body onto the ISA yields v 1 :
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Accordingly, the unit vector normal to the osculating plane of the ISA is expressed as:
The sign of e y is again chosen such that e y (t) is a continuous function of time, and consequently the signed value for ω 2 follows from:
Derivation of v 2 involves three steps. First, find an expression for p ⊥ , the position vector from the origin of {ref } and perpendicular to the ISA (see Figure 2 ):
This expression is easily verified as follows:
hence:
= ||ω|| 2 p ⊥ .
Next, calculate the time derivative of p ⊥ :
p ⊥ has a component in the xz-plane due to the rotation of the ISA, as well as a component along the y-axis due to the translation of the ISA, see Figure 2 . The latter is easily verified, since p ⊥ (t) ⊥ ISA(t) and
in a third step, v 2 is found by projectingṗ ⊥ onto the y-axis: Substituting (15) and (21) into (22) yields a closed form expression for v 2 :
ω 3 corresponds to the rotation of the y-axis, and is hence found in a similar way as ω 2 , that is, by replacing ω in (14) by ω ×ω 2 :
= ± ||ω|| ||ω ×ω|| 2 .| (ω ×ω) .ω| .
The signed value of ω 3 follows by replacing ω in (16) by ω ×ω and e y by e x :
Finally, the derivation of v 3 involves two steps. First, note that the component ofṗ ⊥ in the xz-plane is due to the rotation of the ISA. The origin of the ISA frame is found by projectingṗ ⊥ onto the z-axis and dividing by ω 2 , see Figure 2 . This yields the x-coordinate p along the ISA of the intersection point with
where e z = e x × e y yielding:
v 3 is found as the difference between the component ofṗ ⊥ along the ISA and the time derivative of p :
A closed form expression for v 3 , shown in appendix 1, is found by substituting (28), (21) and (14) into (27) , taking the time derivative, and substituting the result into (29), together with (10) and (21).
Special Cases

Pure Translation
In this case ω = 0, the location of the ISA is not defined, and the orientation of the ISA is determined by the translational velocity v which is the same for every point attached to the rigid body. Hence, ω 1 = 0 and (14) and (25) ω is replaced by v:
Note that (30) and (31) are related to the formulas for the curvature κ and torsion τ of a space curve, respectively:
Finally, v 2 and v 3 are not defined in the case of pure translation, because the location of the ISA is not defined.
ω 3 is not defined in case the ISA is fixed in space, since then ||ṗ ⊥ || = 0. Finally, v 3 is not defined, since the origin of the ISA frame is not uniquely defined in the case of an ISA with constant orientation.
Trajectory reconstruction
The reconstruction of the motion trajectory from a set of time-based invariants i l (t) with l = 1, . . . , 6 proceeds in three steps.
First, if the ISA is known at time instant t = 0 and ω 2 (t), v 2 (t), ω 3 (t) and v 3 (t) are known for 0 ≤ t = kT ≤ t f = N f T , the pose of the reference frame attached to the ISA at discrete time instant k + 1 is calculated from time instant k as [33] :
with ∆T (∆p, e eq , ∆θ) = T rans(∆p)Rot(e eq , ∆θ),
and
Here (
T denotes the twist of frame {ISA} expressed in {ISA}, T is the integration step, Rot(e eq , ∆θ) and T rans(∆p) denote a rotation about an axis with direction e eq over an angle ∆θ and a translation over a vector ∆p, respectively. Reference frame {ref } is either the world frame {w} or a frame {rb} rigidly attached to the rigid body, depending on whether the motion of the ISA is defined with respect to the world or with respect to the moving body.
Next, with the ISA known at each time instant k, the twist of the rigid body with respect to the world is calculated as: 3 Properties and Derived Invariants
Uniqueness, Completeness, Minimal Set
Formulas (9), (13), (14), (23), (25) and (60) yield six scalar functions which are uniquely defined except for their sign. This causes ambiguity if the scalars have to be computed at only one time instant 3 . If however, the scalars have to be computed for a rigid body motion over a time period, uniqueness is obtained by imposing continuity of the orientation of the ISA and its normal, represented by e x and e y , by switching to formulas (11) , (12), (16), (22), (26) and (29), and by imposing a convention for the sign of ω 1 and ω 2 at t = 0, which fixes the initial orientation of e x and e y . With these measures every rigid body motion has a unique signature consisting of the six invariants i l (t). On the other hand, every set of invariants corresponds to a rigid body motion that is unique up to two Euclidean transformations defined by the initial pose of the rigid body and the initial pose of the ISA, as shown by the procedure in Subsection 2.4.
As a corollary, together with the initial poses of the ISA and of the moving body, the six invariants constitute a complete description of the rigid body motion.
Since the invariant description is able to describe any 6 dof rigid body motion with only six functions, it is obviously a minimal set of invariants.
Invariance with Respect to the Twist Reference Frame
The input to the closed-form formulas is the twist defined with respect to some reference frame {ref }. As explained in Section 2.2 the interpretation of the invariants depends on whether {ref } is a fixed frame attached to the world or a body-fixed frame attached to the moving body. The relation between both sets of invariants is:
This relation, in which the superscripts refer to whether {ref } = {rb} or {ref } = {w}, is obvious, since the relative motions of the moving body, the ISA and the world with respect to each other are governed by:
and since the motion of the rigid body with respect to the world, rb t w , corresponds to ω 1 and v 1 about and along the ISA.
Apart from the difference between a moving or a fixed reference frame, the calculation of i l with l = 1, . . . , 6 is invariant for the choice of the reference frame. This is intuitively evident from Chasles's theorem, but it can also be proven mathematically. Rotation of the reference frame does not affect i l , because rotation does not affect the norm of a vector, nor the angle between vectors; hence the norm of a vector cross product as well as the value of the dot product are preserved under a rotation. On the other hand, while a translation does not affect the coordinates of ω, it does affect the coordinates of v: v ⋆ = v + u × ω, where u represents the translation of the reference frame. Hence, as follows from (9), (14), and (25), ω 1 , ω 2 and ω 3 remain unchanged under a translation of the world reference frame. On the other hand, the expressions for v 1 , v 2 and v 3 use v and should be verified for invariance. Given (10), invariance of v 1 follows from:
Appendix 2 contains verification of the invariance of v 2 and v 3 .
Inverse and Reverse Motion
Inverse motion refers to relative motion of the world with respect to moving body instead of the other way around. While this causes the input twist to the closed-form formulas to change sign, the ISA still executes the same motion. Hence, only ω 1 and v 1 change sign. By inverting the orientation of the ISA, this sign change is compensated, but then ω 3 and v 3 change sign. Hence:
Reverse motion refers to executing the motion in reverse direction. This causes both the twist of the moving body and of the ISA to change sign, such that all invariants change sign. By inverting the orientation of the ISA and of the common normal however all sign changes are compensated. Hence:
Invariance with Respect to Time, Linear and/or Angular Scale
To compare motions executed with different velocities it is interesting to make the invariants independent of the time scale, that is, to make them independent of the average velocity with which the motion is executed but keep the dependence on the motion profile. To this end consider the dimensionless timē the angular and linear scale of the motion as:
and divide ω i (t) and/or v i (t) by Θ and L, respectively. Making the invariants independent of time, linear and angular scale results in dimensionless time-based invariants, which are denoted byī l (t),ω i (t) orv i (t) further on:ω
Invariance with Respect to Motion Profile
To eliminate the influence of the motion profile with which the motion is executed, the invariants have to be expressed in terms of a geometric degree of advancement of the rigid body motion, ξ(t), instead of time.
For a space curve a natural choice for ξ is arc length s. For a rigid body motion no natural choice exists.
Oftenξ(t) is chosen as |ω 1 (t)| [25] . A basic requirement for a degree of advancement is however thatξ(t)
is nonzero as long as the rigid body moves. Hence, the degree of advancement should also be nonzero at instances where the rigid body undergoes a pure translation or a pure rotation. Therefore, the degree of advancement should be a combination of the advancement of the rigid body translation and the rigid body rotation. Here, a linear combination is proposed:
where Θ s and L s represent user-defined scaling factors with dimensions of angle and length, respectively, and 0 ≤ w ≤ 1 is a user-defined dimensionless weight. Hence the degree of advancement ξ(t) is dimensionless.
Once the scales and the weight have been fixed, dividing i l (t) by the rate of advancement (52), inverting ξ(t), and substituting t by ξ, results in six geometric invariants which contain the geometry of the rigid body motion without the effect of time. Further on the geometric invariants are written with capital letters I l (ξ),
:
Only five geometric invariants are independent, since Ω 1 (ξ) and V 1 (ξ) are constrained by (52), which after division byξ(t) becomes:
Therefore it is common to replace Ω 1 (ξ) and V 1 (ξ) by a single invariant p 1 (ξ), which is known as the pitch of the instantaneous screw motion:
The sixth invariant is ξ(t) which contains the temporal information.
To compare motions with different angular or linear amplitudes, the degree of advancement can be scaled to 1 by selecting Θ s = Θ and L s = L as defined in (49) and (50), yielding the normalized degree of advancementξ(t). This procedure however breaks down if the entire motion consists of a pure translation or a pure rotation, because Θ = 0 or L = 0, respectively. In such case w is set equal to 1 or 0 in (52), respectively. Furthermore, dividing ω i (t) and v i (t) byξ and dividing them by Θ and/or L, respectively, invertingξ(t), and substituting t byξ results in six dimensionless geometric invariants. Further on the dimensionless geometric invariants are written asĪ l (ξ),Ω i (ξ) orV i (ξ):
Using the definitions ofΩ i (ξ) andV i (ξ), constraint (54) reduces to:
while the temporal invariant is conveniently written as a function of dimensionless time:ξ(t).
To reconstruct a motion trajectory starting from the dimensionless geometric constraints, given a time scale t f , a linear and angular scale L and Θ, and a motion profileξ(t), the time-based invariants are first reconstructed by inverting (56):
whereξ ′ represents the derivative with respect tot, withξ ′ =ξt f . The motion trajectory then follows from the procedure described in Section 2.4.
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Example
Subsections 3.4 and 3.5 are illustrated with the example of a screwing motion. A left-handed screw is rotated over an angle α in time t f by applying a dimensionless motion profileξ(t). The pitch of the screw is p < 0. Table 2 displays the signature of some special rigid body motions, consisting of the dimensionless geometric invariants (made independent of linear and angular scale).
Signature of Special Motions
Invariance with Respect to Occlusion
Occlusion refers to part(s) of the motion that are missing or invisible [8] . Since the time-based invariants i l (t) are entirely based on local properties, the parts of the motion that are visible can still be used for comparison with models or comparison with other motion trials. For geometric invariants the situation is
De Schutter Accepted in ASME Journal of Mechanisms and Robotics, JMR-08-1228 are noiseless. They are converted to twist data expressed in the body-fixed reference frame using numerical differentiation. 4 Figure 5 shows the time-based invariants for both motions I and II as obtained by the analytic solution. On 4 In a practical experiment the twist data are generated from velocity and position measurement data of at least three noncollinear points on the rigid body, for example using one of the methods compared in [22] . Obviously, for noiseless data these methods yield the same results as the procedure used in the numerical example. the other hand, Figure 6 shows the dimensionless geometric invariants for both motions I and II. Clearly, the invariants for both motions match very well with each other, indicating that apart from linear or angular amplitude both motions are geometrically identical. Hence the invariance properties of the geometric invariants are confirmed.
Results
Validation
To validate the results, the pose coordinates of the rigid body are reconstructed from the time-based invariants for both motions I and II. This validation proceeds in three steps, as explained in Section 2.4. The results are shown by the dotted lines in Figure 3 . This figure reveals that the reconstructions of the pose trajectories are very accurate, keeping in mind that these reconstructions result from a double open-loop integration.
Hence the correctness of the analytic formulas to obtain the time-based invariants is verified.
Conclusion
This paper presents a minimal, invariant, coordinate-free description of rigid body motion. Based on a motion model for the instantaneous screw axis, a time-based coordinate-free description consisting of six scalar functions of time is defined. While the time-based functions are independent of the reference frame and of the reference point on the rigid body, they can be made independent of time scale and linear and angular scale by presenting them in dimensionless form. Analytical formulas are derived to obtain these functions from pose or twist coordinates. The information contained in the time-based functions can be split up in temporal information, represented by the motion profile, and geometric information, represented by five independent geometric functions. The geometric functions are shown to be invariant with respect to time scale, motion profile, reference frame, reference point on the rigid body used to express the translational components of the motion, and, when expressed in dimensionless form, they are also invariant with respect to linear and angular scale. A discrete-time algorithm is presented to reconstruct a coordinate representation for a motion trajectory from the time-based or geometric invariants. A numerical example illustrates the validity of the approach: the analytic formulas yield correct results, and the claimed invariant properties are confirmed.
The analytic formulas have following drawbacks in view of practical use: (i) care has to be taken to impose continuity of the orientation of the ISA and the common normal; (ii) the formulas are sensitive to measurement noise, since they need the second time derivative of the twist components (which in turn are usually derived from pose measurements); (iii) several limit cases have to be considered explicitly, which
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Accepted in ASME Journal of Mechanisms and Robotics, JMR-08-1228is prone to error in the presence of numerical errors and measurement noise, and (iv ) the formulas do not provide a confidence measure for the calculated invariants. Future work consists of overcoming these drawbacks by designing a stochastic recursive filter based on an ISA motion model. While in the above expressions the first terms on the right hand side add to zero, each of the second terms is perpendicular to (ω ×ω), since a.(a × b) = 0. Hence ∆ will be zero.
The proof of invariance for v 3 proceeds along the same lines, starting from the closed-form expression of v 3 .
